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Let p be an odd prime number, K an imaginary abelian ﬁeld with zp 2 K; and
K1=K the cyclotomic Zp-extension with its nth layer Kn: In the previous paper, we
showed that for any n and any unramiﬁed cyclic extension L=Kn of degree p;
LKnþ1=Knþ1 does have a normal integral basis (NIB) even if L=Kn has no NIB, under
the assumption that p does not divide the class number of the maximal real subﬁeld
Kþ (and some additional assumptions on K). In this paper, we show that similar but
more delicate phenomena occur for a certain class of tamely ramiﬁed extensions of
degree p: # 2002 Elsevier Science (USA)1. INTRODUCTION
This is a continuation of the previous papers [13, 14]. Let p be a ﬁxed odd
prime number, and K an imaginary abelian ﬁeld containing a primitive pth
root zp of unity. Let K1=K be the cyclotomic Zp-extension with its nth layer
Kn ðn50Þ: Denote by hþK the class number of the maximal real subﬁeld Kþ
of K : In the previous paper [14, Theorem 4], we proved that for any n50
and any unramiﬁed cyclic extension L=Kn of degree p; LKnþ1=Knþ1 does
have a normal integral basis whether or not L=Kn has a normal integral
basis, if p[hþK (and K satisﬁes some additional assumptions). Here, one says
that a ﬁnite Galois extension E=F of a number ﬁeld F has a normal integral
basis (NIB for short) when OE is free of rank one over the group ring
OF ½GalðE=FÞ; OE (resp. OF ) being the ring of integers of E (resp. F ). The
purpose of the present paper is to extend this result for a certain class of
tamely ramiﬁed extensions of degree p:
For a nonzero integer a of a number ﬁeld F ; we say that a is square free
(at F ) when the principal ideal aOF is square free in the semi-group of
integral ideals of F : (In particular, any unit of F is square free.) We say that
a ﬁnite extension E=F is tame when it is at most tamely ramiﬁed at all ﬁnite
prime divisors. Let Kþn be the maximal real subﬁeld of Kn and O
þ
n the ring of105
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HUMIO ICHIMURA106integers of Kþn : Let Sn be the subset of O
þ
n consisting of square free integers
of Kþn relatively prime to p: For a; b 2 Sn; we write a 	 b when
Knða1=pÞ ¼ Knðb1=pÞ: (We easily see that a 	 b if and only if b ¼ aep for
some unit e of Kn:) Denote bySn ¼ Sn= 	 the set of equivalence classes with
respect to the relation 	; and by ½a ¼ ½an the class represented by a 2 Sn:
LetTn (resp.Nn) be the subset ofSn consisting of classes ½a such that the
cyclic extension Knða1=pÞ=Kn is tame (resp. has a NIB). Let S0n be the subset
of Sn consisting of elements of Sn congruent to 1 modulo all prime ideals of
Kn over p; and let S
0
n ¼ S0n= 	 ðSnÞ the set of equivalence classes with
respect to the relation 	 : We putT0n ¼Tn \S0n andN0n ¼Nn \S0n: We
have Nn Tn and N0n T0n by the well-known theorem of Noether. We
see that the natural map Kn ! Knþ1 induces an injection Sn !Snþ1 (see
Lemma 1 in Section 2), and we regard Sn as a subset of Snþ1: Then, we
naturally have Tn Tnþ1 and T0n T0nþ1: Further, we have Nn Nnþ1
andN0n N0nþ1 by a theorem in Fro¨hlich and Taylor [5, III (2.13)]. In view
of the result in [14] recalled above, we naturally ask (a) ‘‘does Tn coincide
withNn?,’’ (b) ‘‘whenTnaNn; isTn contained inNnþ1?,’’ and (c) ‘‘when
Tn JNnþ1; is Tn contained inNnþ2?,’’ etc. More generally, we ask ‘‘how
large or small is the subset Tn \Nm of Tn for m5n?’’ In this paper, we
deal with the corresponding questions forT0n andN
0
n for a technical reason
(see Remark 1). As in [13, 14], we work mainly under the assumptions that
zp 2 K; p[½K : Q and that there is only one prime ideal of K over p:
Let hK be the class number of K ; and h

K ¼ hK=hþK the relative class
number. It is well known that p[hK implies p[h
þ
K because of the Kummer
duality (cf. [30, Chap. 10]). When p[hK ; the following assertion holds.
Proposition 1. Let K be an imaginary abelian field with zp 2 K and
p[½K : Q: Then, the following assertions hold.
(I) We have T00 ¼N00:
(II) When p[hK ; we have T
0
n ¼N0n for all n51; if we further assume
that there is only one prime ideal of K over p:
Assume that pjhK and p[hþK : Then,T0n=N0n is an inﬁnite set for n51 (see
Proposition 2(I)). A quantitative description of the gap betweenT0n andN
0
n
is given in (the ﬁrst assertion of) Lemma 9 in Section 3.2. The main theorems
(Theorems 1 and 2 in Section 4.1) describe, quantitatively, the gap between
the subsets T0n \N0mþ1 and T0n \N0m of T0n for m5n inductively on the
difference m n: These results are given in terms of a polynomial calculated
inductively on m n starting from the distinguished polynomial associated
to a p-adic L-function. In this section, to illustrate how our results look, we
let p ¼ 3 and K ¼ Qð ﬃﬃﬃﬃDp ; ﬃﬃﬃﬃﬃﬃ3p Þ with D 2 Z for simplicity, and give some
(qualitative) consequences of the main results for the case m  n ¼ 0; 1:
Here, D is a square free integer with da1;3: We assume that p does not
NORMAL INTEGRAL BASIS 107split in K : Let l (resp. lþ) be the Iwasawa l-invariant of the p-part of the
ideal class group of K1 (resp. Kþ1), and let l
 ¼ l lþ ð50Þ: It is well
known that pjhK if and only if l51 (cf. [30, Proposition 13.22 and
Corollary 13.29]). Let c be the unique nontrivial even character of
D ¼ GalðK=QÞ: Regarding c as a primitive Dirichlet character, denote by
Lpðs;cÞ the associated p-adic L-function. Let PcðTÞ be the distinguished
polynomial associated to Lpðs;cÞ (see (10), (11) in Section 3), for which the
value Pcð0Þ equals Lpð1;cÞ times a unit of Zp: We have l ¼ deg PcðTÞ by
the Iwasawa main conjecture proved by Mazur and Wiles [26]. We put
hc ¼ hcðTÞ ¼ ðPcðTÞ  Tl
Þ=p ð2 Zp½T Þ:
When p[hc; denote by %l the l-invariant of the power series hcðTÞ: Let In be
the ideal of the power series ring Zp½½T  generated by pn and
pn1jTp
j ð04j4n 1Þ when n51; and let I0 ¼ Zp½½T :
Proposition 2. Let p ¼ 3; and let K ¼ Qð ﬃﬃﬃﬃDp ; ﬃﬃﬃﬃﬃﬃ3p ÞðD 2 ZÞ be a
biquadratic field in which p does not split. Assume that pjhK and p[hþK : Let
n51: Then, the following assertions hold.
(I) T0n=N
0
n is an infinite set for any n:
(II) The case pn4l:
(i) T0n N0nþ1 if ordp Pcð0Þ ¼ 1; and T0n=N0nþ1 is an infinite set
otherwise.
(ii) ðT0n \N0nþ1Þ=N0n is an infinite set if hcðTÞeIn; and
T0n \N0nþ1 ¼N0n otherwise.
(III) The case pn > l > pn1ðp 1Þ:
(i) T0n=N
0
nþ1 is an infinite set.
(ii) ðT0n \N0nþ1Þ=N0n is an infinite set if Tp
nlhcðTÞeIn; and
T0n \N0nþ1 ¼N0n otherwise.
(IV) The case pn1ðp 1Þ5l: T0n \N0nþ1 ¼N0n holds.
Proposition 3. In the setting of Proposition 2, assume further that
pnþ14l and ordp Pcð0Þ ¼ 2; and that pn4%l if p[hc: Then, T0n=N0nþ1 is an
infinite set, and T0n N0nþ2:
It is also possible to give a more precise relation betweenT0n \N0nþ1 and
T0n \N0nþ2 similar to Proposition 2, in terms of a polynomial deﬁned from
hcðTÞ (see Proposition 8).
In the previous papers [13, 14], one of the key points was a theorem of
Childs [2, Theorem B], which gives a necessary and sufﬁcient condition
for an unramiﬁed Kummer extension of degree p to have a NIB. In [9,
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obtained a necessary and sufﬁcient condition for a tame Kummer extension
of degree p to have a NIB. (A similar condition is also given in the
unpublished paper of Kawamoto [24].) A consequence of this result (Lemma
3(II) in Section 2) plays a role in this paper, namely it connects the questions
on T0n; N
0
n to cyclotomic Iwasawa theory. The reason that we restrict
ourselves to the setT0n of square free integers is that, at present, the author
has no idea how to handle the general (and rather complicated) criterion of
Go´mez Ayala in the framework of Iwasawa theory.
Remark 1. Let P˜ be the product of distinct prime ideals of K over
p: When the multiplicative group ðOK=P˜Þ is generated by the classes of
units of K ; we can replace T0n; N
0
n with Tn; Nn in the above propositions
(and Proposition 12 in Section 4).
Remark 2. In the setting of Proposition 2, it is known that for any
unramiﬁed cyclic extension L=Kn of degree p; we have L ¼ Knðe1=pÞ for some
unit e of Kþn since p[h
þ
K (see, for example, [16, Proposition 2]). Therefore, as
e is square free, it follows from Proposition 2(IV) that for a sufﬁciently
large n and any unramiﬁed cyclic extension L=Kn of degree p; LKnþ1=Knþ1
has an NIB if and only if L=Kn has a NIB. This does not contradict the
result in [14, Theorem 4] mentioned before because the p-rank of the ideal
class group of Kn is bounded as n !1 by the theorem of Ferrero and
Washington [3].
Remark 3. (I) There are several results of a different ﬂavour on the ring
of integers of Kummer extensions of prime degree such as McCulloh [27],
Replogle [28]. (II) The connection between normal integral basis problems
and cyclotomic Iwasawa theory is pursued not only in our papers but also in
[4, 11, 25, 29], etc.
This paper is organized as follows. In Section 2, we introduce a ﬁltration
(see (4)) on the group of semi-local units of Kn at p related to some p-adic
behaviour of global units, and reduce the questions on T0n and N
0
n to
questions on this ﬁltration. In Section 3, we ﬁrst recall some fundamental
results on local units and local units modulo cyclotomic units due to
Iwasawa and Gillard. Next, using these results, we introduce some ideals of
the power series ring Zp½½T  closely related to the above-mentioned
ﬁltration. In Section 4.1, we state our main results on these ideals. In Section
4.2, we deduce several consequences on T0n and N
0
n from the main results
mainly when p[hþK : When pjhþK ; we give some partial results in Sections 4.2
and 4.3. Some numerical examples are given in Section 4.4. In Sections 5 and
6, we prove our main results.
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First of all, we show the following lemma which we mentioned in
Section 1.
Lemma 1. Let K be an imaginary abelian field with zp 2 K: The natural
map Kn ! Knþ1 induces an injection Sn !Snþ1:
Proof. We naturally have Sn  Snþ1 since square free integers in Sn are
relatively prime to p and K1=Kþ is unramiﬁed outside p: For an element
x 2 Kn ; let %x be the class in Kn =ðKn Þp represented by x: Let ½an and ½bn be
elements ofSn with ½ana½bn: Then, regarding Kn =ðKn Þp as a vector space
over Fp ¼ Z=pZ; %a and %b are linearly independent over Fp: Denote by z a
generator of the cyclic group mp1 \ Kn : Then, Knþ1 ¼ Knðz1=pÞ: We see that
%a and %b are contained in the even part ðKn =ðKn ÞpÞþ (as a; b 2 Oþn ), and
%z in the odd part. Therefore, the three classes %a; %b and %z are linearly
independent over Fp: Hence, we obtain Knþ1ða1=pÞaKnþ1ðb1=pÞ; namely,
½anþ1a½bnþ1: ]
In the rest of this section, we reduce the questions onT0n andN
0
n to some
questions on a ﬁltration on the group of semi-local units of Kn at p: We put
p ¼ zp  1: The following lemma is well known (cf. [30, Exercises 9.2, 9.3]).
Lemma 2. Let F be a number field with zp 2 F; and a an element of F
relatively prime to p: Then, the cyclic extension Fða1=pÞ=F is tame if and only
if a  up mod pp for some u 2 OF :
One says that a ﬁnite extension E=F has a power integral basis (PIB for
short) when OE ¼ OF ½g for some g 2 OE : The following lemma is shown in
[17, I]. (The second assertion of the lemma is also a consequence of the
theorem of Go´mez Ayala mentioned in Section 1.)
Lemma 3. Let F be a number field with zp 2 F; and a a square free
integer of F relatively prime to p: Then, the following assertions hold.
(I) The extension Fða1=pÞ=F has a PIB if it is tame.
(II) The extension Fða1=pÞ=F has a NIB if and only if a  ep mod pp for
some unit e of F :
Proof of Lemma 3(II). Since this assertion is crucial in this paper, we
give a proof for the convenience of the reader. Let a be a square free integer
of F with aeðFÞp; and let A ¼ a1=p; N ¼ FðAÞ; and G ¼ GalðN=FÞ: To
show the ‘‘if’’ part, we may as well assume that a  1 mod pp: Then, we
easily see that o ¼ ðPp1j¼0 AjÞ=p is an integer of N: It follows that
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‘‘only if’’ part using this theorem, we give a slightly different proof. Assume
that ON ¼ OF ½Go for some o 2 ON : Let s be the generator of the cyclic
group G sending A to zpA: Here, zp is a ﬁxed primitive pth root of unity. For
i ¼ 0; 1; let OðiÞN be the additive group of integers x of N with sðxÞ ¼ zipx; and
put
bi ¼
Xp1
j¼0
zijp s
jðoÞ:
Then, it follows that O
ðiÞ
N ¼ OFbi from ON ¼ OF ½Go: Let a1 ¼ bp1: Then,
a1 2 OF : Since a1=p ¼ A 2 Oð1ÞN ; we have a ¼ a1xp for some x 2 OF : As a is
square free, x must be a unit of F : On the other hand, since OF ¼ Oð0ÞL ; b0 is
a unit of F : We have a1  bp0 mod pp because b1  b0 mod p: Therefore,
a ¼ a1xp  ðb0xÞp mod pp; and b0x is a unit of F : ]
Let K be an imaginary abelian ﬁeld satisfying the following two
conditions:
ðC1Þ zp 2 K; ðC2Þ p[½K :Q:
For a prime divisor v of Kn over p; let Kn;v be the completion of Kn at v; and
Un;v the group of principal units of Kn;v: We put
Un ¼
Y
vjp
Un;v and U
ð1Þ
n ¼ fu 2 Un j u  1 mod pg:
Here, v runs over the primes of Kn over p: Let En be the group of global units
of Kn: Embedding En into the product
Q
vjp ðKn;vÞ diagonally, we denote by
En the closure of En \Un in Un:
En ¼ En \Un:
Let D ¼ GalðK=QÞ: By condition (C2), we can naturally regard D as a
subgroup of GalðK1=QÞ: Hence, D naturally acts on several objects
associated to Kn and K1: A Qp-valued character of D deﬁned and
irreducible over Qp is simply called a Qp-character. For a Zp½D-module X
(such as Un; En) and a Qp-character C of D; let X
þ; X and XðCÞ ¼ X eC be
the even part, the odd part, and theC-part of X ; respectively. Here, eC is the
idempotent corresponding to C:
eC ¼ 1jDj
X
s2D
CðsÞs1:
This is an element of Zp½D by condition (C2), and hence it acts on X :
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algebraic closure %Qp of Qp; let C
n and cn be the dual characters deﬁned by
CnðsÞ ¼ oðsÞCðs1Þ and cnðsÞ ¼ oðsÞcðs1Þ ðs 2 DÞ; ð1Þ
respectively. Here, o is the character of D representing its Galois action on
zp: Clearly, C is an even character of D if and only if C
n is odd. Further,
denote by C0 the trivial character of D:
Let An be the Sylow p-subgroup of the ideal class group of Kn: The
following is known to specialists.
Lemma 4. In the above setting, the following assertions hold.
(I) We have UnðC0Þ ¼ U0ðC0ÞEnðC0Þ (and U0ðC0Þ ¼ 1þ pZp).
(II) Let C be a nontrivial even Qp-character of D: When A0ðCnÞ ¼ f0g;
we have UnðCÞ ¼ EnðCÞ for any n50; if we further assume that there is only
one prime ideal of K over p:
Proof. A proof of the ﬁrst assertion is given in [17, II]. A proof of the
second one is also given in [17, II] when K ¼ QðzpÞ and p[hK : Though we
can show it in the general case similarly, we give a proof for the sake of
completeness. Let M=K1 be the maximal pro-p abelian extension
unramiﬁed outside p; and let L=K1 be the maximal unramiﬁed pro-p
abelian extension. It follows from A0ðCnÞ ¼ f0g that AnðCnÞ ¼ f0g for all n
because of the last assumption of assertion (II) (cf. [30, Proposition 13.22]).
The last condition implies
GalðM=K1ÞðCÞ ¼ f0g
because of the Kummer duality (cf. Iwasawa [23, Theorem 16], [30,
Proposition 32]). Let Mn (resp. Ln) be the maximal abelian extension over
Kn contained in M (resp. L). It follows that
GalðMn=LnÞðCÞ ﬃ ðUn=EnÞðCÞ
from class ﬁeld theory and the last assumption (cf. [18, Lemma 3]). Since
GalðMn=LnÞ is a subquotient of GalðM=K1Þ; we obtain UnðCÞ ¼ EnðCÞ
from the above. ]
Let ½a ¼ ½an be a class in T0n with a 2 S0n: Then, by Lemma 2,
a  up mod pp for some u ¼ ua 2 Un: The principal unit ua is uniquely
determined modulo p by a; and the class %ua ¼ ua modUð1Þn En is contained in
the plus part ðUn=Uð1Þn EnÞþ as a 2 Oþn : The class %ua is uniquely determined
by the class ½an: This is because for elements a; b 2 S0n; we have ½an ¼ ½bn
(i.e., Knða1=pÞ ¼ Knðb1=pÞ) if and only if b ¼ aep for some unit e 2 En \Un:
HUMIO ICHIMURA112Thus, we obtain a (well-deﬁned) map
yn :T0n ! ðUn=Uð1Þn EnÞþ; ½an ! %ua:
Lemma 5. The map yn is surjective. More precisely, for any u 2 Uþn ; the
inverse image y1n ð %uÞ of the class %u is an infinite set.
Proof. Let u be an element of Uþn : Then, we can choose an integer v of
Kþn sufﬁciently close, p-adically, to u: Let
C ¼ fxO
þ
n j x 2 ðKþn Þ; ðx; pÞ ¼ 1g
fxOþn j x 2 ðKþn Þ; x  1 mod ppg
be the class group of principal ideals of Kþn ; and let c be the class in C
containing vpOþn : By the Tchebotarev density theorem, there exist inﬁnitely
many principal prime ideals l ¼ aOþn in c with a  vp mod pp: The assertion
follows from this. ]
For integers m5n50 and a class ½an 2T0n; we see from Lemma 3(II) that
Kmða1=pÞ=Km has a NIB (i.e., ½am 2N0m) if and only if a  ep mod pp for
some unit e 2 Eþm: We see that the last condition is equivalent to
ua 2 Uð1Þm Em: Denote by Hn;m the kernel of the natural map
Un ! Um=Uð1Þm Em:
Hn;m ¼ kerðUn ! Um=Uð1Þm EmÞ: ð2Þ
Clearly, Uð1Þn En  Hn;m: We put
%Hn;m ¼ Hn;m=Uð1Þn En:
From the above, we obtain
N0n ¼ y1n ð %1Þ and T0n \N0m ¼ y1n ðð %Hn;mÞþÞ for m5n: ð3Þ
Clearly, we have a ﬁltration
Uð1Þn En ¼ Hn;n  Hn;nþ1  Hn;nþ2      Un: ð4Þ
For each even Qp-character C of D; let T
0
nðCÞ be the subset of T0n
consisting of classes ½a such that a  up mod pp for some u 2 UnðCÞ: Then,
we have
T0nðCÞ ¼ y1n ððUn=Uð1Þn EnÞðCÞÞ: ð5Þ
NORMAL INTEGRAL BASIS 113It follows from (3) that
T0nðCÞ \N0m ¼ y1n ð %Hn;mðCÞÞ for m5n: ð6Þ
By Lemma 4(I), we have
UnðC0Þ ¼ ðUð1Þn EnÞðC0Þ ¼ Hn;nðC0Þ ð7Þ
for the trivial character C0: Hence, from (5) and (6) with m ¼ n; we obtain
T0nðC0Þ N0n:
Now, from the above, the questions on T0n and N
0
n are reduced to the
following questions on the ﬁltration fHn;mðCÞgm5n for each nontrivial even
Qp-character C of D:
(A) What is the quotient ðUn=Uð1Þn EnÞðCÞ?
(B) For m > n; what is the kernel Hn;mðCÞ?
(C) For m5n; what is the quotient ðHn;mþ1=Hn;mÞðCÞ?
In Section 4.1, we give an answer to these questions when pjhK and p[hþK :
The following lemma is a consequence of (5), (6) and Lemma 5.
Lemma 6. Let C be a nontrivial even Qp-character of D; and m > n51:
(I) T0nðCÞ N0n if UnðCÞ ¼ ðUð1Þn EnÞðCÞ; and T0nðCÞ=N0n is an infinite
set otherwise.
(II) T0nðCÞ N0m if Hn;mðCÞ ¼ UnðCÞ; and T0nðCÞ=N0m is an infinite
set otherwise.
(III) T0nðCÞ \N0m N0n if Hn;mðCÞ ¼ ðUð1Þn EnÞðCÞ; and ðT0nðCÞ\
N0mÞ=N0n is an infinite set otherwise.
Proof of Proposition 1. Conditions (C1) and (C2) imply that K=QðzpÞ is
unramiﬁed at p: Therefore, we see that U0 ¼ Uð1Þ0 : From this and Lemmas 2
and 3, we obtain the ﬁrst assertion. It follows from Lemma 4 and the
assumptions that Uþn ¼ ðUð1Þn EnÞþ: We obtain the second assertion from this
and (3). ]
Remark 4. Let C be a nontrivial even Qp-character of D: If
A0ðCnÞ ¼ f0g and there is only one prime ideal of K over p; then we have
T0nðCÞ N0n for any n by Lemmas 4(II) and 6(I).
Remark 5. Let F be a number ﬁeld with zp 2 F: It is known by Childs
[2, Theorem B] that an unramiﬁed cyclic extension over F of degree p has a
PIB if it has a NIB, for which see also [16]. Lemma 3 gives a generalization
HUMIO ICHIMURA114of this result. Namely, for a square free integer a of F relatively prime to p;
the cyclic extension Fða1=pÞ=F has a PIB if it has a NIB. However, the
converse is not true in general. Actually, in [20], Sumida and the author
constructed many CM-ﬁelds F with zp 2 F for which there exists an
unramiﬁed cyclic extension L=F of degree p with a PIB but no NIB such
that L is Galois over Fþ and the complex conjugation of F acts on
GalðL=FÞ trivially (resp. via ð1Þ-multiplication) for each p53 (resp. each p
with 34po100). Here, Fþ denotes the maximal real subﬁeld of F : The
results of this paper present a method to construct, for each p53; many
couples ðF ; aÞ of a CM-ﬁeld F with zp 2 F and a square free integer a of
Fþ relatively prime to p for which Fða1=pÞ=F is tame and has a PIB but no
NIB. The condition a 2 Fþ assures that L ¼ Fða1=pÞ is Galois over Fþ and
the complex conjugation of F acts on GalðL=FÞ via ð1Þ-multiplication.
Such couples ðF ; aÞ with Fða1=pÞ not necessarily Galois over Fþ are already
constructed for each p53 in [17, I].
3. LOCAL UNITS AND CYCLOTOMIC UNITS
3.1. Local Units and Cyclotomic Units. In all what follows, we assume
that an imaginary abelian ﬁeld K satisﬁes (C1) and (C2) and the following:
(C3) There is only one prime ideal of K over p:
In this subsection, we recall some results on local units and local units
modulo cyclotomic units. In all what follows, we fix a nontrivial even Qp-
character C of D; and its irreducible component c over %Qp: We often regard
c as a primitive Dirichlet character. Denote byCn and cn the odd characters
of D associated to C and c by relation (1). Let O ¼ Oc be the subring of %Qp
generated by the values of c over Zp: We identify the subring eCZp½D (resp.
eCnZp½D) of Zp½D with O by sending eCðsÞ to cðsÞ (resp. eCnðsÞ to cnðsÞ),
ðs 2 DÞ: Thus, for a Zp½D-module X ; we can regard XðCÞ and XðCnÞ as O-
modules. Let G ¼ GalðK1=KÞ; and let g0 be a ﬁxed topological generator of
G: As usual, we identify the completed group ring eCZp½D½½G (resp.
eCnZp½D½½G) with the power series ring L ¼ O½½T  by g0 ¼ 1þ T : Then, for
a Zp½D½½G-module X ; we can regard XðCÞ and XðCnÞ as L-modules. For
m > n50; we put
on ¼ onðTÞ ¼ ð1þ TÞp
n  1; nn;m ¼ nn;mðTÞ ¼ om=on:
Because of condition (C3), there exists a canonical L-isomorphism
in :UnðCÞ !	 L=ðonÞ ð8Þ
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natural map UnðCÞ ! UmðCÞ; and abbreviate by nn;m the nn;m-multi-
plication map:
L=ðonÞ ! L=ðomÞ; %x ! nn;mx:
Here, %x is the class represented by x: Then, the canonical isomorphisms
satisﬁes the property
nn;m 8 in ¼ im 8 rn;m for m > n: ð9Þ
Denote by qð2 pZpÞ the unique p-adic integer such that zg0 ¼ z1þq for all
z 2 mp1 ; where g0 is the topological generator of G ﬁxed before. By Iwasawa
[22], there exists a unique power series gcðTÞ in O½½T  related to the p-adic
L-function Lpðs;cÞ by
gcðð1þ qÞ1s  1Þ ¼ Lpðs;cÞ ðs 2 ZpÞ: ð10Þ
We have p[gcðTÞ by [3]. Hence, we can uniquely write
gcðTÞ ¼ PcðTÞucðTÞ ð11Þ
for some distinguished polynomial Pc ¼ PcðTÞ and a unit uc 2 L: Let Cn
be the group of cyclotomic units of Kn in the sense of Hasse [12], and put
Cn ¼ Cn \Un ð EnÞ:
For elements or subsets a; b of L; we denote by ða; bÞ the ideal of L
generated by a and b: The following theorem is due to Iwasawa [21] and
Gillard [8, Theorem 2].
Theorem IG. The isomorphism in induces an isomorphism
CnðCÞ ﬃ ðPcðTÞ;onÞ=ðonÞ:
As in Section 1, let In be the ideal of L generated by pn and pn1jTp
j
with
04j4n 1 when n51; and let I0 ¼ L: We easily see that
ð1þ TÞpn  1 mod Inþ1 ð12Þ
from a simple fact on binomial coefﬁcients (cf. [13, Lemma 4]). Hence, we
have on 2 Inþ1  In: In [13, Proposition 1], we showed the following:
Lemma 7. The isomorphism in induces an isomorphism
Uð1Þn ðCÞ ﬃ In=ðonÞ:
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nn;mIn  Im for m > n: ð13Þ
(For this, see also Remark 6 in Section 5.)
3.2. The Ideal GCn;m of L. Let us ﬁrst recall some assertions on EnðCÞ after
introducing some more notation. Let An be, as before, the Sylow p-subgroup
of the ideal class group of Kn; and let A1 be the projective limit of An with
respect to the relative norms. It is known by [23, Theorem 5] that A1 is
ﬁnitely generated and torsion over Zp½D½½G: In particular, A1ðCnÞ and
A1ðCÞ are ﬁnitely generated and torsion over L: The following lemma is
known to specialists.
Lemma 8. When A0ðCÞ ¼ f0g; EnðCÞ ¼ CnðCÞ for n50:
Proof. Gillard [7, Theorem 3] showed that ½EnðCÞ :CnðCÞ ¼ jAnðCÞj
for n50 if A1ðCnÞ is pseudo-cyclic as a L-module. Because of (C3), the
condition A0ðCÞ ¼ f0g implies that AnðCÞ ¼ f0g for all n (cf. [30, Theorem
10.4; 18, Remark 4]). The last condition assures the pseudo-cyclicity of
A1ðCnÞ: This follows (for example) from Proposition 3 and Lemmas 1, 2 in
[15]. ]
Let JCn be the ideal of L generated by PcðTÞ and In: For m5n50; we
deﬁne, in view of (2), an ideal GCn;m of L by
GCn;m ¼ kerðL! L=JCm ; x ! nn;mxÞ:
We easily see from (13) that
ðon 2ÞJCn ¼ GCn;n  GCn;nþ1  GCn;nþ2      L:
This ﬁltration corresponds to the ﬁltration (4) in Section 2. We immediately
obtain the following assertion from Theorem IG, Lemmas 7, 8 and (9).
Lemma 9. Let K be an imaginary abelian field satisfying (C1)–(C3), and
let C be a nontrivial even Qp-character of D: Assume that A0ðCÞ ¼ f0g: Then,
the isomorphism in induces isomorphisms
ðUð1Þn EnÞðCÞ ﬃ JCn =ðonÞ and Hn;mðCÞ ﬃ GCn;m=ðonÞ for m > n:
Therefore, for studying the ﬁltration fHn;mðCÞgm5n; it sufﬁces to
investigate the ideals fGCn;mg:
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Iwasawa l-invariants of the torsion L-modules A1ðCÞ and A1ðCnÞ;
respectively. By the Iwasawa main conjecture proved by [26], we have
lnC ¼ deg PcðTÞ: Though there are several values of lnC (cf. Fukuda’s table
[6]), it is conjectured that lC ¼ 0 by Greenberg [10].
The following two lemmas (Lemmas 10 and 12) are necessary to deal with
the case A0ðCÞaf0g:
Lemma 10. When lnC51 and lC ¼ 0; UnðCÞRðUð1Þn EnÞðCÞ for all
sufficiently large n:
Proof. It follows that UnðCÞREnðCÞ for all sufﬁciently large n from the
assumption on the l-invariants and [18, Lemma 3]. We see that
UnðCÞRUð1Þn ðCÞ for n51 by Lemma 7. Therefore, we obtain the assertion
from the following well-known lemma and (8). ]
Lemma 11. Let A; B be ideals of L such that AþB ¼ L: Then, A ¼ L
or B ¼ L:
Proof. This is because L is a local ring (cf. [30, Proposition 13.9]). ]
Assume further that K satisﬁes the following two more conditions:
(C20) The exponent of D equals p 1:
(C4) lnC ¼ 1; lC ¼ 0 and A0ðCÞaf0g:
Then, A0ðCÞ is a cyclic group (see, for example, [19, formula (7)]). We have
Pcð0Þa0 by the Leopoldt conjecture proved by Brumer [1] for abelian ﬁelds.
Put e ¼ ordp Pcð0Þ and a ¼ ordpjA0ðCÞj; where ordpð*Þ denotes
the additive valuation on %Qp normalized so that ordpðpÞ ¼ 1: Let rð50Þ
be the minimal integer such that an ideal class in A0ðCÞ of order p is
capitulated in Krþ1: The condition lC ¼ 0 assures ro1 by Greenberg [10,
Proposition 1]. It is known that a4e and that r ¼ 0 if aoe (cf. [19,
Remark 4]). The following lemma follows from Theorem IG and
[14, Lemma 7]. (For details, see [14, p. 699].)
Lemma 12. Assume that K satisfies (C1), ðC20Þ; (C3) and (C4), and let
n51:
(I) The case a ¼ e : EnðCÞ ¼ UnðCÞ for n4r; and
EnðCÞ ¼ UnðCÞp
nr
CnðCÞ for n5r þ 1:
(II) The case aoe : EnðCÞ ¼ UnðCÞp
nþea
CnðCÞ for any n:
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4.1. Main Theorems. In this subsection, we give our main theorems on
the ideals GCn;m: We work in rather an abstract setting as follows. Let O and
L be as in Section 3. Let P ¼ PðTÞ 2 O½T  be a ﬁxed distinguished
polynomial of degree ln; and Jn ¼ JPn the ideal of L generated by In and P:
For m5n; let Gn;m ¼ GPn;m be the ideal of L deﬁned by
Gn;m ¼ kerðL! L=Jm; x ! nn;mxÞ:
We have a ﬁltration
ðon 2ÞJn ¼ Gn;n  Gn;nþ1  Gn;nþ2      L ð14Þ
by (13). As I0 ¼ L; we have G0;m ¼ L for all m: For each n51; the ﬁltration
fGn;mgm5n stabilizes for sufﬁciently large m (see Proposition 4). In what
follows, we assume that
PðTÞa1; or equivalently; ln51:
Then, it follows from Lemma 11 that
JniL for n51 ð15Þ
as IniL: We deﬁne a polynomial hðTÞ in O½T  by
h ¼ hðTÞ ¼ 1
p
ðPðTÞ  TlnÞ: ð16Þ
In the original setting of Section 3, we have
P ¼ Pc and ln ¼ lnC:
Further, the condition lnC51 is equivalent to A0ðCnÞaf0g (cf. [30,
Proposition 13.22 and Corollary 13.29]).
We prove the following main theorems in Section 5.
Theorem 1. Let n51; and let A ¼ AðTÞ ¼ hðTÞ or TpnlnhðTÞ according
to whether pn4ln or pn > ln: Then, A is contained in Gn1;n \ Gn;nþ1; and the
class ½A of A generates the quotient L-module Gn;nþ1=Jn: Moreover,
Gn;nþ1 ¼ Jn when pn1ðp 1Þ5ln:
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(I) For any m5n51; the L-module Gn;mþ1=Gn;m is cyclic, and is
generated by the class of a certain element of Gn1;m \ Gn;mþ1 which may be
calculated inductively on the difference m n as follows.
(II) Let n51; ‘51; and let A ¼ AðTÞ be an element of
Gn;nþ‘ \ Gnþ1;nþ‘þ1 such that its class ½A generates Gnþ1;nþ‘þ1=Gnþ1;nþ‘:
Then, the following assertions on Gn;nþ‘þ1=Gn;nþ‘ hold.
(i) The case pjA : A=p is an element of Gn1;nþ‘ \ Gn;nþ‘þ1; and its
class ½A=p generates Gn;nþ‘þ1=Gn;nþ‘ over L:
(ii) The case p[A: Write A ¼ BðTÞuðTÞ for a unique distinguished
polynomial B and a unit u 2 L; and let D ¼ DðTÞ be a distinguished
polynomial in Gnþ1;nþ‘ with minimal degree. Let b ¼ deg BðTÞ; d ¼ deg DðTÞ:
Define a polynomial C in O½T  by
C ¼ CðTÞ ¼ 1
p
ðB  TbdDÞ or 1
p
ðD  TdbBÞ
according to whether b5d or d5b: Then, C is an element of
Gn1;nþ‘ \ Gn;nþ‘þ1; and its class ½C generates Gn;nþ‘þ1=Gn;nþ‘ over L:
By (14), we have onþ1 2 Jnþ1  Gnþ1;nþ‘: Hence, the set of distinguished
polynomials in Gnþ1;nþ‘ is not empty, and there exists one of minimal degree,
DðTÞ; in the assertion of Theorem 2(II)(ii).
We can easily show the following assertion from Theorems 1 and 2.
Proposition 4. Let N be the minimal integer such that pN1ðp  1Þ5ln:
Then, the following hold.
(I) For any integers m5n5N; Gn;m ¼ Gn;n ¼ Jn:
(II) For any integers m; n with 14noN and m5N; Gn;m ¼ Gn;N :
Proof. We see from Theorem 2(II)(i) that for m5n > 1;
Gn;mþ1 ¼ Gn;m ) Gn1;mþ1 ¼ Gn1;m ð17Þ
by taking AðTÞ ¼ 0 in the theorem. Let m be an integer with m5N: By
Theorem 1, we have Gm;mþ1 ¼ Jm ¼ Gm;m: Then, it follows from (17) that
Gn;mþ1 ¼ Gn;m for all 14n4m: Thus, for all n51; we have
Gn;maxðn;NÞ ¼ Gn;maxðn;NÞþ1 ¼ Gn;maxðn;NÞþ2 ¼    :
Namely, Gn;m ¼ Gn;maxðn;NÞ for all m5maxðn;NÞ: From this, the assertions
follow. ]
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hðTÞ ¼ Pð1ÞðTÞuðTÞ ð18Þ
for a distinguished polynomial Pð1Þ and a unit u 2 L: We put
%l ¼ deg Pð1Þ and hð1Þ ¼ hð1ÞðTÞ ¼ 1
p
ðPð1Þ  T %lÞ: ð19Þ
(If %l ¼ 0; then Pð1Þ ¼ 1 and hð1Þ ¼ 0:) It follows from the deﬁnition of %l that
(when p[hðTÞ)
ordp Pð0Þ52, %l51: ð20Þ
We prove the following results using Theorems 1 and 2; the ﬁrst one in
Section 5, the others in Section 6.
Theorem 3. Let n51: The following assertions hold on the L-module
Gn;nþ2=Gn;nþ1:
(I) The case pnþ14ln: The L-module Gn;nþ2=Gn;nþ1 is generated by ½h=p
when pjhðTÞ; by ½hð1Þ when p[hðTÞ and pn4%l; and by ½Tpn%lhð1Þ when
p[hðTÞ and pn > %l:
(II) The case pnþ1 > ln > pnðp 1Þ: It is generated by ½Tpnþ1lnh=p
when pjhðTÞ; by ½Tpnþ1lnhð1Þ when p[hðTÞ and %l5ln  pnðp 1Þ; and by
½Tpn%lhð1Þ when p[hðTÞ and %l4ln  pnðp 1ÞðopnÞ:
(III) The case pnðp 1Þ5ln: Gn;nþ2 ¼ Gn;nþ1 holds.
Proposition 5. Let n51: We have Gn;nþ1 ¼ L if and only if pn4ln and
ordp Pð0Þ ¼ 1:
Proposition 6. Let n51: We have Gn;nþ1 ¼ Jn if and only if one of the
following conditions holds.
(i) pn4ln and h 2 In:
(ii) pn > ln > pn1ðp 1Þ and Tpnlnh 2 In:
(iii) pn1ðp 1Þ5ln:
Proposition 7. Let n51: We have Gn;nþ2 ¼ L if and only if one of the
following conditions holds.
(i) pn4ln and ordp Pð0Þ ¼ 1:
(ii) pnþ14ln; pjhðTÞ and ordp Pð0Þ ¼ 2:
(iii) pnþ14ln; p[hðTÞ; pn4%l and ordp Pð0Þ ¼ 2:
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Gn;nþ1:
(I) The case pnþ14ln : Gn;nþ2 ¼ Gn;nþ1 if and only if one of the
following conditions holds.
(i) pjhðTÞ and h=p 2 In:
(ii) p[hðTÞ; pn4%l and hð1Þ 2 In:
(iii) p[hðTÞ; pn > %l and Tpn%lhð1Þ 2 In:
(II) The case pnþ1 > ln > pnðp 1Þ: Gn;nþ2 ¼ Gn;nþ1 if and only if one of
the following conditions holds.
(i) pjhðTÞ and Tpnþ1lnh=p 2 In:
(ii) p[hðTÞ; %l5ln  pnðp  1Þ and pn1ðp2  1Þ5ln:
(iii) p[hðTÞ; %l5ln  pnðp 1Þ; pn1ðp2  1Þoln and
Tp
nþ1lnhð1Þ 2 In:
(iv) p[hðTÞ; %l4ln  pnðp 1Þ; and Tpn%lhð1Þ 2 In:
(III) The case pnðp 1Þ5ln: Gn;nþ2 ¼ Gn;nþ1 holds.
4.2. Consequences. As in Section 1, we denote by hc ¼ hcðTÞ the
polynomial deﬁned by (16) for the distinguished polynomial P ¼ PcðTÞ;
and by %l the l invariant of hcðTÞ when p[hc: We obtain the following two
propositions on T0n and N
0
n immediately from Lemmas 6, 9, (15) and the
propositions in the above subsection.
Proposition 9. Let K be an imaginary abelian field satisfying (C1)–(C3),
and let C be a nontrivial even Qp-character of D satisfying A0ðCÞ ¼ f0g and
A0ðCnÞaf0g: Let n51: Then, the following assertions hold.
(I) T0nðCÞ=N0n is an infinite set for any n:
(II) The case pn4lnC:
(i) T0nðCÞ N0nþ1 if ordp Pcð0Þ ¼ 1; and T0nðCÞ=N0nþ1 is an
infinite set otherwise.
(ii) ðT0nðCÞ \N0nþ1Þ=N0n is an infinite set if hceIn; and
T0nðCÞ \N0nþ1 N0n otherwise.
(III) The case pn > lnC > p
n1ðp 1Þ:
(i) T0nðCÞ=N0nþ1 is an infinite set.
(ii) ðT0nðCÞ \N0nþ1Þ=N0n is an infinite set if Tp
nlnChceIn; and
T0nðCÞ \N0nþ1 N0n otherwise.
(IV) The case pn1ðp 1Þ5lnC: T0nðCÞ \N0nþ1 N0n holds.
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further that pnþ14lnC and ordp Pcð0Þ ¼ 2; and that pn4%l if p[hcðTÞ: Then,
T0nðCÞ=N0nþ1 is an infinite set, and T0nðCÞ N0nþ2:
Proposition 11. Let K be as in Proposition 9, and C a nontrivial even
Qp-character of D satisfying A0ðCÞaf0g: Let n51: Then, the following hold.
(I) If lC ¼ 0; thenT0nðCÞ=N0n is an infinite set for all sufficiently large n:
(II) Assume that pn4lnC and ordp Pcð0Þ ¼ 1: Then, T0nðCÞ N0nþ1:
(III) Assume that pnþ14lnC and ordp Pcð0Þ ¼ 2; and that pn4%l if
p[hcðTÞ: Then, T0nðCÞ N0nþ2:
Proof. The ﬁrst assertion follows from Lemmas 10 and 6(I). From the
deﬁnition, we have Cn  En: Therefore, we obtain assertions (II), (III) from
Lemma 6, Propositions 5, 7 and Theorem IG. ]
Proof of Propositions 2, 3. These are proved similar to Propositions 9
and 10 considering equality (7). For example, we give here a proof of the
‘‘if’’ part of Proposition 2(II)(i). Let p and K be as in Proposition 2, and C
the unique nontrivial even Qp-character of D: Then, O ¼ Zp; c ¼ C and
l ¼ lnC; lþ ¼ lC: Assume that pn4l and ordp Pcð0Þ ¼ 1: Let ½a ¼ ½an be
an element of T0n: Then, a  up mod pp for some u 2 Uþn : Here, Uþn is the
even part of Un: By (7), u
eC0 2 Uð1Þn En: As ordp Pcð0Þ ¼ 1; ueC 2 Uð1Þnþ1Enþ1
by Proposition 5, Lemma 9 and the assumption p[hþK : Hence,
u ¼ ueC0 ueC  Zmod p for some Z 2 Enþ1; and a  Zp mod pp: Therefore,
½anþ1 2N0nþ1; andT0n N0nþ1: The other assertions are proved in a similar
way. ]
Similar to the proofs of Propositions 11, 2 and 3, we can show the
following assertion.
Proposition 12. Let p ¼ 3; and let K ¼ Qð ﬃﬃﬃﬃDp ; ﬃﬃﬃﬃﬃﬃ3p Þ ðD 2 ZÞ be a
biquadratic field in which p does not split. Assume that pjhþK : Then, the
following hold:
(I) If lþ ¼ 0; then T0n=N0n is an infinite set for all sufficiently large n:
(II) Assume that pn4l and ordp Pcð0Þ ¼ 1: Then, T0n N0nþ1:
(III) Assume that pnþ14l and ordp Pcð0Þ ¼ 2; and that pn4%l if
p[hcðTÞ: Then, T0n N0nþ2:
Proof of the assertions in Remark 1. Here, we show the corresponding
assertion forTn;Nn of the ‘‘if’’ part of Proposition 2(II)(i). Let K; C; c be
as in the proof of Propositions 2 and 3. Let On be the ring of integers of Kn;
and pn the unique prime ideal of Kn over p: Assume that
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totally ramiﬁed in K1: Let ½a be an element ofTn: Then, a  up mod pp for
some u 2 Un: Here, Un is the group of local units of the completion of Kn at
pn: By the above, we have v ¼ ue  1 mod pn (i.e., v 2 Un) for some e 2 E0;
and hence
aep  vp mod pp: ð21Þ
Let r be the complex conjugation in D; and let
eþ ¼ ð1þ rÞ=2; e ¼ ð1 rÞ=2 ð2 Zp½DÞ:
We have eþ ¼ eC0 þ eC in the setting of Proposition 2. Assuming pn4l
and ordp Pcð0Þ ¼ 1; we see that veþ 2 Uð1Þnþ1Enþ1 similar to as in the proof of
the ‘‘if’’ part of Proposition 2(II)(i). Let e ¼ að1 rÞ be an element of
Z½D ða 2 ZÞ which is sufﬁciently close, p-adically, to e so that
ve  ve mod p: Then, noting that a 2 Oþn ; we obtain
ve  ve  ee mod p from (21). Therefore, v ¼ veþve  Zmod p for some
Z 2 Enþ1: Thus, a  ðZ=eÞp mod pp; and hence a 2Nnþ1:
The other assertions are proved in a similar manner. ]
4.3. The Case k ¼ 1. In this subsection, we assume that K satisﬁes (C1),
ðC20Þ; (C3), (C4). In view of Lemma 12, let J 0n be the ideal of L generated by
In; p
nr and PcðTÞ (resp. In; pnþea and PcðTÞ) when a ¼ e and n5r þ 1
(resp. aoe and n51). Put
G0n ¼ kerðL! L=J 0nþ1; x ! nn;nþ1xÞ
for n5r þ 1 (resp. n51) when a ¼ e (resp. aoe). By Theorem IG and
Lemmas 7 and 12, the isomorphism in induces isomorphisms
ðUð1Þn EnÞðCÞ ﬃ J 0n=ðonÞ and Hn;nþ1ðCÞ ﬃ G0n=ðonÞ: ð22Þ
Concerning G0n; the following holds.
Theorem 4. In the above setting, we have G0n ¼ J 0n:
Proposition 13. Let K be as above, and n51: Then, the following hold:
(I) When a ¼ e and n4r; T0nðCÞ N0n:
(II) In the other cases, T0nðCÞ=N0n is an infinite set, and
T0nðCÞ \N0nþ1 N0n:
Proof. Assertion (I) follows from Lemma 12(I). Since lnC ¼ 1; we have
J 0niL: The ﬁrst assertion of (II) follows from this and (22), and the second
one from (22) and Theorem 4. ]
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invariant of an imaginary quadratic ﬁeld Qð ﬃﬃﬃﬃﬃﬃﬃﬃmp Þ for square free integers m
with 1omo5 106 when p ¼ 3; 5; 7: In the following, let p ¼ 3 and
K ¼ Qð ﬃﬃﬃﬃﬃﬃﬃﬃmp ; ﬃﬃﬃﬃﬃﬃ3p Þ:We denote by D ¼ Dm the discriminant of the maximal
real subﬁeld Kþ ¼ Qð ﬃﬃﬃﬃﬃﬃ3mp Þ of K ; so that K ¼ Qð ﬃﬃﬃﬃDp ; ﬃﬃﬃﬃﬃﬃ3p Þ: We use the
notation of Section 1. For all K ’s with Do107 in Fukuda’s table, Hiroki
Sumida recently calculated the polynomials PcðTÞ and hcðTÞ modulo p3
and p2; respectively, and obtained the invariant %l: These calculation depend
on the approximation formula for the power series gcðTÞ (cf. [22, Section 6;
30, Proposition 7.9; 18, (25)]). Among them, there are at least one K with
l ¼ ‘ for each natural number ‘414: In view of our results, those K
satisfying p[hþK and l
 > pðp 1Þ ¼ 6 are of interest. Among K ’s with
l57 in Sumida’s data, there exists no one with pjhcðTÞ: We write
e ¼ ordp Pcð0Þ for brevity. In the following, we deal with the case where
74l4p2ðp 1Þ ¼ 18; p[hþK and p[hcðTÞ:
From Proposition 2, we see that there may be the following four cases on
the relation between T0n \N0nþ1 and N0n:
(I) T0n \N0nþ1 ¼N0n for n51:
(II) T02JN
0
3; jðT02 \N03Þ=N02j ¼ 1; and T0n \N0nþ1 ¼N0n for
na2:
(III) T01 N02; T02JN03; jðT02 \N03Þ=N02j ¼ 1; and
T0n \N0nþ1 ¼N0n for n53:
(IV) T01 N02; T02 N03; and T0n \N0nþ1 ¼N0n for n53:
By Proposition 2, these cases occur, respectively, if and only if the
following corresponding conditions on l; e; %l are satisﬁed:
(I0) l ¼ 7; e52; l ¼ 8; e52; %l52; l59; e53; %l53:
(II0) l ¼ 8; e52; %l ¼ 1; l59; e ¼ 2; l59; e53; %l ¼ 1; 2:
(III0) l ¼ 7; e ¼ 1; l ¼ 8; e ¼ 1:
(IV0) l59; e ¼ 1:
(Here, the case where e52 and %l ¼ 0 cannot occur by (20).) Let us pick up
some numerical examples from Sumida’s data. We have
ðl; eÞ ¼ ð7; 1Þ; ð7; 2Þ when D ¼ 58856; 72077; respectively. We also have
ðl; e; %lÞ ¼ ð8; 1; 0Þ; ð8; 2; 1Þ; ð8; 2; 2Þ; ð9; 1; 0Þ; ð9; 2; 2Þ when D ¼ 116552;
548765, 829397, 269681, 1564049. For these D’s, p[hþK and p[hcðTÞ:
Therefore, the above four cases actually occur.
We see that the condition GCn;nþ1 ¼ GCn;nþ2 is equivalent to
T0n \N0nþ1 ¼T0n \N0nþ2 in the setting of Proposition 2. This is shown
similar to Proposition 2. By Proposition 8(III), we have GCn;nþ1 ¼ GCn;nþ2 for
n52 as l418: When l ¼ 7; 8; we can show that GC1;2 ¼ GC1;3 by using
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T01 \N02 ¼T01 \N03 holds if and only if (i) e53 and %l53 or (ii) %lo3; and
that T01 \N02iT01 \N03 if and only if e ¼ 2 and %l53: (Here, the case
where e ¼ 1 and %l53 cannot occur by (20).) It follows from this and
Proposition 3 that T01=N
0
2 is an inﬁnite set and T
0
1 N03 when
T01 \N02iT01 \N03: We have ðl; e; %lÞ ¼ ð10; 3; 3Þ; ð9; 2; 1Þ; ð10; 2; 3Þ
when D ¼ 4487880; 3616508; 9340977; respectively. For these D’s, p[hþK
and p[hcðTÞ:
5. PROOFS OF THEOREMS
Let P ¼ PðTÞ be a distinguished polynomial of degree ln51; and let
Jn ¼ JPn and Gn;m ¼ GPn;m be as in Section 4.1. Further, h ¼ hðTÞ;
Pð1Þ ¼ Pð1ÞðTÞ and hð1Þ ¼ hð1ÞðTÞ denote the polynomials associated to P
by (16), (18) and (19), respectively. We need to prepare some lemmas.
Lemma 13. (I) For m5n and x 2 L; x 2 Gn;mþ1 if and only if
px 2 Gnþ1;mþ1: Namely, pGn;mþ1 ¼ pL \ Gnþ1;mþ1: (II) For m5n;
pGn;m  Gnþ1;mþ1:
Proof. The second assertion follows from (I) as Gn;m  Gn;mþ1: Let us
show the ﬁrst one. We see from (12) that
nn;nþ1 ¼ onþ1=on ¼
Xp1
j¼0
ðð1þ TÞpnÞj  p mod Inþ1: ð23Þ
In particular, we have
nn;nþ1  p mod Jnþ1: ð24Þ
By (13), we have nn;nþ‘Jn  Jnþ‘ for ‘51: Then, multiplying the congruence
(24) by nnþ1;mþ1; we obtain
nn;mþ1  pnnþ1;mþ1 mod Jmþ1:
Therefore, for x 2 L; nn;mþ1x 2 Jmþ1 if and only if nnþ1;mþ1ðpxÞ 2 Jmþ1:
Thus, we obtain assertion (I). ]
Lemma 14. Let ‘51; and let D ¼ DðTÞ be a distinguished polynomial in
Gnþ1;nþ‘ with minimal degree. Then, Gnþ1;nþ‘ ¼ ðpGn;nþ‘;DÞ:
Proof. It follows from Lemma 13(I) that ðpGn;nþ‘;DÞ  Gnþ1;nþ‘:
Conversely, let f ¼ f ðTÞ be an arbitrary power series in Gnþ1;nþ‘: We can
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deg Rodeg D: As R 2 Gnþ1;nþ‘; we must have pjR by the choice of D:Hence,
by Lemma 13(I), R 2 pGn;nþ‘: Therefore, we obtain f 2 ðpGn;nþ‘;DÞ; and
Gnþ1;nþ‘  ðpGn;nþ‘;DÞ: ]
Lemma 15. Let D ¼ Tpn or PðTÞ according to whether pn4ln or pn > ln:
Then, D is a distinguished polynomial in Jnþ1 with minimal degree.
Proof. First, assume that pn4ln: Let F be a distinguished polynomial in
Jnþ1: Then, we must have F  aTpn mod p for some a 2 L since pn4ln and
Jnþ1 is generated by Inþ1 and P: Hence, deg F5pn as F is distinguished.
Thus, we obtain the assertion when pn4ln: It is shown similarly when
pn > ln: ]
Proof of Theorem 1. We see from Lemma 13(I) that for x 2 L;
x 2 Gn;nþ1 if and only if px 2 Jnþ1; namely if and only if
px ¼ apnþ1 þ
Xn1
j¼0
bjp
njTp
j þ bnTpn þ cPðTÞ ð25Þ
for some a; bj; c 2 L: In particular,
bnT
pn þ cTln  0 mod p: ð26Þ
First, we deal with the case pn4ln: Let x be an element of Gn;nþ1: From
the above congruence, we can write bn ¼ cTlnpn þ pd for some d 2 L:
Then, recalling deﬁnition (16) of hðTÞ; we see from (25) that
x ¼ apn þ
Xn1
j¼0
bjp
n1jTp
j þ dTpn þ chðTÞ:
As Tp
n 2 In; we obtain x  ch mod Jn: Conversely, assume that x satisﬁes
this congruence for some c: Then, we obtain px 2 Jnþ1 (i.e., x 2 Gn;nþ1) using
pJn  Jnþ1 (Lemma 13(II)), because P  ph mod Inþ1 as Tpn 2 Inþ1 and
pn4ln: Therefore, A ¼ An ¼ h 2 Gn;nþ1; and the ideal Gn;nþ1 is generated by
A and Jn in this case.
Next, assume that pn5ln: Let x be an element of Gn;nþ1: Then, by (26), we
can write c ¼ bnTpnln þ pd for some d: From this and (25), we see that
x  bnTpnlnh mod Jn: Conversely, if x satisﬁes this congruence for some
bn; we easily see that px 2 Jnþ1 (i.e., x 2 Gn;nþ1) similar to the above.
Therefore, A ¼ An ¼ Tpnlnh 2 Gn;nþ1; and Gn;nþ1 is generated by A and Jn
also in this case.
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place of n), we see that h 2 Gn1;n when pn14ln and that Tpn1lnh 2 Gn1;n
when pn1 > ln: Using this, we obtain An 2 Gn1;n:
Finally, when pn1ðp  1Þ5ln; we see that Gn;nþ1 ¼ Jn since Tpnln 2 In as
Tp
n1 2 In: ]
Proof of Theorem 2. By Theorem 1, assertion (I) holds when m ¼ n:
Hence, it sufﬁces to prove assertion (II). For an element x 2 L; x 2 Gn;nþ‘þ1
if and only if px 2 Gnþ1;nþ‘þ1 by Lemma 13(I). Since Gnþ1;nþ‘þ1 is generated
by A and Gnþ1;nþ‘; we see from Lemma 14 that the last condition holds if
and only if
px ¼ aAðTÞ þ bDðTÞ þ pc ð27Þ
for some a; b 2 L and c 2 Gn;nþ‘:
First, assume that pjA: Since A ¼ pA=p is contained in Gn;nþ‘ \ Gnþ1;nþ‘þ1
by the assumption of Theorem 2(II), we see from Lemma 13 (I) that
A=p 2 Gn1;nþ‘ \ Gn;nþ‘þ1: Let x be an element of Gn;nþ‘þ1: Then, in equality
(27) for x; we must have b ¼ pb0 for some b0: Therefore, x ¼ aA=p þ b0Dþ c:
It follows from this that x  aA=p mod Gn;nþ‘ because c 2 Gn;nþ‘ and
D 2 Gnþ1;nþ‘  Gn;nþ‘ ð28Þ
by the deﬁnition of Gn;m: Conversely, if x satisﬁes the above congruence for
some a; we obtain px 2 Gnþ1;nþ‘þ1 (i.e., x 2 Gn;nþ‘þ1) since pGn;nþ‘ 
Gnþ1;nþ‘þ1 (Lemma 13(II)) and A 2 Gnþ1;nþ‘þ1: Therefore, we see that the
class ½A=p generates Gn;nþ‘þ1=Gn;nþ‘ over L:
Next, assume that p[A: The polynomials B;D are contained in the ideal
Gn;nþ‘ \ Gnþ1;nþ‘þ1 by the assumption of Theorem 2(II) and (28). Hence, pC
is also contained in this ideal. Therefore, it follows from Lemma 13(I) that
C 2 Gn1;nþ‘ \ Gn;nþ‘þ1: Let x be an element of Gn;nþ‘þ1: Then, in equality
(27) for x; we may as well replace A with the distinguished polynomial B;
and then, we must have aTb þ bTd  0 mod p: Assume further that b5d:
Writing b ¼ aTbd þ pd for some d 2 L; we see from (27) that
x ¼ aC þ dD þ c: By (28), this implies that x  aC mod Gn;nþ‘: Conversely,
if x satisﬁes this congruence, we see that px 2 Gnþ1;nþ‘þ1 (i.e., x 2 Gn;nþ‘þ1)
because of Lemma 13(II) and pC 2 Gnþ1;nþ‘þ1: Therefore, the class ½C
generates Gn;nþ‘þ1=Gn;nþ‘ when b5d: It is proved similarly also when
b4d: ]
Proof of Theorem 3. We ﬁrst deal with the case pnðp 1Þoln: Let
A ¼ hðTÞ or Tpnþ1lnhðTÞ according to whether pnþ14ln or
pnþ1 > ln > pnðp 1Þ: By Theorem 1, A is contained in Gn;nþ1 \ Gnþ1;nþ2;
and the class ½A generates Gnþ1;nþ2=Jnþ1: When pjhðTÞ; assertions (I) and
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the notation of Theorem 2(II) with ‘ ¼ 1: Let B ¼ Pð1Þ or Tpnþ1lnPð1Þ
according to whether pnþ14ln or pnþ1 > ln > pnðp 1Þ: By Lemma 15 (and
ln > pnðp 1Þ), D ¼ Tpn is a distinguished polynomial in Jnþ1 with minimal
degree. First, let pnþ14ln: Then, b ¼ deg B ¼ %l and d ¼ deg D ¼ pn: We see
that the polynomial C deﬁned in Theorem 2(II) equals hð1Þ or Tpn%lhð1Þ
according to whether pn4%l or pn5%l: Assertion (I) follows from this and
Theorem 2. Next, let pnþ1 > ln > pnðp 1Þ: Then, b ¼ deg B ¼
pnþ1  ln þ %l and d ¼ deg D ¼ pn: We see that the polynomial C equals
Tp
nþ1lnhð1Þ or Tpn%lhð1Þ according to whether b5d or d5b: Assertion (II)
follows from this and Theorem 2.
Finally, let pnðp 1Þ5ln: Then, Gnþ1;nþ2 ¼ Gnþ1;nþ1 by Theorem 1.
Hence, by (17), we obtain Gn;nþ2 ¼ Gn;nþ1: ]
Proof of Theorem 4. From (24), we see that for x 2 L; x 2 G0n if and only
if px 2 J 0nþ1: Using this, we can prove the assertion similar to Theorem 1,
and we leave the proof to the reader. ]
Remark 6. We can obtain assertion (13) purely algebraically by using
(23). Actually, it follows that nn;nþ1In  Inþ1 immediately from (23) and the
deﬁnition of In:
6. PROOFS OF PROPOSITIONS
We prepare two elementary lemmas on polynomials in O½T :
Lemma 16. Let H ¼ HðTÞð2 O½T Þ be a distinguished polynomial of
degree lð51Þ; and
h ¼ hðTÞ ¼ 1
p
ðHðTÞ  TlÞð2 O½T Þ:
Then, the following three assertions hold.
(I) Let n51 be an integer with pn14l: Then, hðTÞ is contained in the
ideal ðH; InÞ of L if and only if h 2 In:
(II) Let n51 and k50 be integers such that pnþk > l: Then, Tp
nþklhðTÞ
is contained in ðH; InÞ if and only if Tpnþklh 2 In:
(III) Let n51; k50; l151 be integers such that pnþk > l15l: Assume
that l5pn1: Then, Tp
nþkl1hðTÞ is contained in ðH; InÞ if and only if
Tp
nþkl1h 2 In:
Proof. First, we show assertion (I). As pn14l; we have Tl 2 In: From
this, we see that h  aH mod In for some a 2 L (i.e., h 2 ðH; InÞ) if and only
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to h 2 In:
Next, let us show assertion (II). If l4pnþk  pn1; then Tpnþkl 2 In; and
hence the assertion is trivial. So, we may as well assume that
l > pnþk  pn1: It sufﬁces to show the ‘‘only if’’ part. Assume that
Tp
nþklh 2 ðH; InÞ: We write hðTÞ ¼
Pl1
j¼0 ajT
j: Let ‘ be an integer such that
p‘14pnþk  lop‘: We see that 14‘4n 1 since pnþk > l > pnþk  pn1:
To show that Tp
nþklh 2 In; it sufﬁces to show that for any s with
‘4s4n 1;
aj  0 mod pns for all j with j4l pnþk þ ps  1: ð29Þ
Since Tp
n1
; pTp
n2 2 In; we see that
Tp
nþklhðTÞ  Tpnþkl
Xlpnþkþpn11
j¼0
ajT
j mod In
and that
HðTÞ  p
Xpn21
j¼0
ajT
j mod In:
Hence, the assumption Tp
nþklh 2 ðH; InÞ implies that
Tp
nþkl Xlp
nþkþpn11
j¼0
ajT
j  aðTÞ
Xpn21
j¼0
pajT
j mod In ð30Þ
for some a 2 L:We show assertion (29) by reverse induction on s: For each j
with jopn1; the coefﬁcient of Tj of a power series in In is divisible by p:
Therefore, we see from (30) that (29) holds when s ¼ n 1: Let S be an
integer with ‘oS4n 1; and assume that (29) holds for all s with
S4s4n 1: We obtain pS1ol pnþk þ pS  1 from 14‘oS and
pnþk  lop‘: Hence, by the assumption, aj  0 mod pnS for all j with
jopS1: Therefore, the coefﬁcient of Tj on the RHS of (30) is divisible by
pnSþ1 for all jopS1: Then, by (30), we obtain assertion (29) for s ¼ S  1:
Finally, let us show (III). Let h1 ¼ h and H1 ¼ Tl1 þ ph1: Then, since
l15l5pn1 and Tp
n1 2 In; we see that ðH1; InÞ ¼ ðH; InÞ: Therefore, we
obtain the assertion from (II). ]
Lemma 17. (I) For a power series gðTÞ in L; g is contained in ðpg; InÞ if
and only if g 2 In: (II) Let l; nð51Þ and kð50Þ be integers such that pnþk > l:
Then, for a polynomial gðTÞ in L with deg gol; TpnþklgðTÞ is contained in
ðpg; InÞ if and only if TpnþklgðTÞ 2 In:
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show the second one. If l4pnþk  pn1; the assertion is trivial as
Tp
nþkl 2 In: So, assume that l > pnþk  pn1: Put HðTÞ ¼ Tl þ pgðTÞ
and h ¼ g: Then, we see that ðpg; InÞ ¼ ðH; InÞ since Tl 2 In by the
assumption. Therefore, the assertion follows from Lemma 16(II). ]
Proof of Proposition 5. Let A be the polynomial in Theorem 1. Namely,
A ¼ h or Tpnlnh according to whether pn4ln or pn > ln: By Theorem 1
(and (15), Lemma 11), we see that Gn;nþ1 ¼ L if and only if A 2 L: We see
that h 2 L if and only if ordp Pð0Þ ¼ 1 from (16), and that TpnlnheL for
pn > ln: The assertion follows from these. ]
Proof of Proposition 6. Assertions (i) and (ii) follow immediately from
Theorem 1 and Lemma 16. Assertion (iii) holds by Theorem 1. ]
Proof of Proposition 7. By (14), we have Gn;nþ2 ¼ L if Gn;nþ1 ¼ L: By
Proposition 5, the last condition is equivalent to condition (i) of Proposition
7. Assume that Gn;nþ1kL: Then, we see from Theorem 3 and Lemma 11 that
Gn;nþ2 ¼ L if and only if (a) pnþ14ln; pjhðTÞ and hðTÞ=p 2 L; or (b)
pnþ14ln; p[hðTÞ; pn4%l and hð1ÞðTÞ 2 L: We easily see that (a) (resp. (b))
is equivalent to condition (ii) (resp. (iii)) of Proposition 7. ]
Proof of Proposition 8. In cases (I) and (II), we see from Theorem 1 that
Gn;nþ1 ¼ ðhðTÞ;PðTÞ; InÞ ¼ ðh; InÞ ð¼ ðPð1Þ; InÞ if p[hðTÞÞ ð31Þ
since Tl
n 2 In (as ln > pn). In case (I), we see from this and Theorem 3 that
Gn;nþ2 ¼
ðh=p; InÞ when pjh;
ðhð1Þ;Pð1Þ; InÞ when p[h and pn4%l;
ðTpn%lhð1Þ;Pð1Þ; InÞ when p[h and pn > %l:
8>><
>:
Assertion (I) follows from these and Lemmas 16 and 17. In case (II), we see
from (31) and Theorem 3 that
Gn;nþ2 ¼
ðTpnþ1lnh=p; h; InÞ when pjh;
ðTpnþ1lnhð1Þ;Pð1Þ; InÞ when p[h and %l5ln  pnðp 1Þ;
ðTpn%lhð1Þ;Pð1Þ; InÞ when p[h and %l4ln  pnðp 1Þ:
8><
>>:
When p[h and %l5ln  pnðp 1Þ; we have to note that Tpnþ1ln 2 In if
pn1ðp2  1Þ5ln; and that %l > pn1 if ln > pn1ðp2  1Þ (to apply Lemma
NORMAL INTEGRAL BASIS 13116(III)). Then, we obtain assertion (II) from the above and Lemmas 16 and
17. Assertion (III) holds by Theorem 3. ]
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